In the study of a noetherian ring R, there are two related questions that have played a major role in recent years; one is finding prime ideals of R which satisfy the second layer condition, the other is finding the (second layer) link closed sets of prime ideals of R. In particular these properties are necessary to determine the classical sets of prime ideals of R, which allows one to obtain a well behaved Ore localization (see, for example, [24, 8, 91). One aspect of this problem is the transfer of these properties from the prime spectrum of one ring R to the prime spectrum of another, related ring, A. Jategaonkar [S] has shown that, if R is a commutative noetherian ring, then the group ring RG satisfies the second layer condition whenever G is polycyclic-by-finite.
homomorphisms such that 0 and $ satisfy the associativity conditions required to make T' = R V ( > w s a ring. Then we call T' a Morita context (or more precisely, the ring of the Morita context). If e = (A z), then clearly eT'e is isomorphic to R and (1 -e) T'( 1 -e) is isomorphic to S. Conversely, if T is any ring containing an idempotent element e, then we can construct a Morita context using R=eTe, S=(l -e) T(l -e), V=eT(l -e), and W=(l -e) Te. Moreover the original ring T is isomorphic to the ring of this Morita context. (To see this observe that if t E T. then t=ete+et(l-e)+(l-e)te+(l-e)t(l-e) and one only has to check the obvious bijection is a ring homomorphism.) There have been a number of papers relating the rings R and S of a Morita context. For instance, Mueller [14] examined the relationship between torsion theories over R and S. Also Cohen [S] has used Morita contexts to obtain information about the relationship between a ring R and its fixed ring RG, where G is a finite group of automorphisms of R. This study of noncommutative Galois Theory has been extensively investigated recently (see, for example [ 11, 13, 151) . In Section 3 of our paper, we apply the results of Sections 1 and 2 to further study the relationship between the prime ideals of R and those of RG. Let T be the skew group ring R*G. If the order of G is unit of R and if e = IGI ~' (CG g), then eTe is isomorphic to the fixed ring RG. Thus we are able to show that under the above hypotheses if R is a two sided noetherian ring satisfying the second layer condition, then the noetherian ring RG also satisfies the second layer condition. In addition, under the same hypotheses we prove that if N is a classical G-invariant semiprime ideal of R, then the semiprime ideal N n RG must also be classical.
Throughout the paper all rings will be unital and all modules will be right modules. We next review some definitions on torsion theories as applied to localization at a prime ideal. For further details, see, for example, [ 61.
Let P be a prime ideal of the ring R. An R-module M is called P-torsion (resp. P-torsion free) if M is torsion (resp. torsion free) with respect to the torsion theory cogenerated by E(R/P), the injective hull of R/P; i.e., Hom,(M, E(R, P)) = 0 (resp. A4 embeds in a direct product of copies of E(R/P)). A submodule N of M is called P-dense in M if MjN is P-torsion.
There are two, possibly different, versions of the second layer condition. Either version can be used to find localizable sets of prime ideals in a right noetherian ring (see [3, 9, 161 ). We will work with both versions to obtain the most general results.
Let M be a uniform module over a right noetherian ring R and let P be the associated prime ideal of M. Then A4 is called P-tame (or simply tame) if M is P-torsion free. In general a module is called P-tame if every uniform submodule is P-tame. A prime ideal P of R satisfies the second layer condition-l (SLC-1) if there is no finitely generated P-tame uniform module M which has annihilator equal to a prime ideal strictly smaller than P (this condition was first introduced in [8] ; also see [3] ). A prime ideal P satisfies the second layer condition-2 (SLC-2) if given a short exact sequence of uniform modules O-+L-+M+N+O,
where M is P-tame and L = arm,(P) (the set of elements of M annihilated by P), then N must be tame. The prime ideal Q is right (second layer) linked to P if there is a sequence like (t) where all the modules are tame and ass(N) = Q (note that our definition of a link is not as originally given in [9] , but was proven equivalent in [7] ). A set X of prime ideals in R is said to satisfy a second layer condition if each member of X satisfies the condition. Finally R is said to satisfy a second layer condition if the set of prime ideals of R, denoted Spec(R), satisfies the condition.
A set X of prime ideals is called right linked closed if whenever PE X and Q is right linked to P, then Q E X. If X is a right linked closed set which satisfies SLC-2, then it can be shown using the proof in [12, 4.3 .131 that X satisfies SLC-1. While if R is two-sided noetherian, then it follows from Jategaonkar's Main Lemma [9, 6.1.3 and 6.1.41 that a prime ideal satisfying SLC-1 must satisfy SLC-2.
Let e be an idempotent of the ring T and let R = eTe. Note that if T is a prime ring, then so is R (if AB = 0 in R, then AeTeB = 0 in T). Thus there is a lattice map from Spec,( T) = {prime ideals of T which don't contain e} to Spec( R), given by Y' + epe. This map is in fact a bijection. The onto part follows from the fact that given P in Spec(R), its preimage is 9 = (t E T: ete E P}. For the one to one part assume that eye = eZ!e, then TegeT= Te9eT. Therefore, since 9 and 2 are prime ideals and since e is in neither ideal, it follows that 9 = 2. In general, given a prime ideal 9 in Spec,( T) we will denote by P the corresponding prime ideal of R.
An important tool in studying the transfer of properties between the elements of Spec,( T) and Spec(R) will be the exact functor Hom.(eT, -). It is not difficult to see that this functor is naturally equivalent to multiplication by e, namely, Hom,(eT, N) z Ne for any T-module N. Finally, we will on occasion make use of the fact that R is a subset of T, even though it is not a unital subring.
ASCENT OF THE SECOND LAYER CONDITION
We start this section by assuming that T is an arbitrary right noetherian ring, e an idempotent of T, and R = eTe. Note for further reference that the ring R is right noetherian and the right R-module (1 -e) Te is noetherian (the proof of this follows from the lattice map of R-submodules of eTe to T-submodules of eT given by A + AT, which has to be manic because of a right inverse given by B --+ Be, the proof for (1 -e) Te is the same). Thus Te, which decomposes as an R-module into eTe 0 (1 -e) Te, is a noetherian R-module and hence if M is a finitely generated T-module, then Me is a finitely generated R-module.
Let 9 be a prime ideal of T not containing e. We will show that if P=eYe has SLC-1, then so does 9 (Theorem 1.2). Note that Hom.(eT, eT) is isomorphic to R, furthermore if TeT= T, then T and R are Morita equivalent (because eT becomes a progenerator over T). PROPOSITION 1.1. Let 9 E Spec,( T)and let A4 he a Y-tame T-module.
Then Me is ege-tame as an R-module.
Proof: First assume that M= T/Y'. Clearly T/B decomposes as a right T-module into the direct sum of e( T/9') and (1 -e)( T/9), so (T/9) e = e(T/g) e@ (1 -e)(T/Y) e. Let P=e9e and note that e(T/9) ez R/P as R-modules (this is clearly a P-tame module). If 1 -eE9, then (1 -e)( T/Y) e = 0 and we are done. Otherwise we claim that (1 -e)( T/C+') e embeds in a power of R/P, which means that it is also P-tame. To see this we can assume that 9=0. Let O#wE(l-e)Te, then (1-e)w=w and thus eT(1 -e) w is a non-zero subset of R. Each element of eT( 1 -e) defines an R-map from (1 -e) Te to R, so there is an embedding of (1 -e) Te into a direct product of R indexed by eT( 1 -e). This proves the case A4= T/Y'.
For the general case it suffices to prove the result for M uniform. Note that, in this case, if A and B are non-zero R-submodules of Me, then AT n BT is a non-zero submodule of M. But 0 # (AT n BT) e G A n B, so Me is uniform. Furthermore if N is a non-zero T-submodule of A4, then Ne is non-zero, since e is not in 9 and h4 is Y-tame.
Finally note that M has a submodule N which is isomorphic to a right ideal of T/9'. By the above, Ne is P-tame as an R-module and is essential in Me, hence Me is P-tame. Now we are able to get to our main result on the transfer of the second layer condition from prime ideals of R to the corresponding elements of Spec,( T). THEOREM 1.2. Let 9" E Spec,( T) such that e9e satisfies SLC-1. Then 9 satisfies SLC-1.
ProoJ: Assume to the contrary that there exists a finitely generated p-tame T-module M, which has annihilator equal to p", a prime ideal of T strictly contained in 8. First note that 9' must also be in Spec,( T). We can assume that 9" = 0 and hence M is a faithful T-module. As observed in the opening paragraph of this section, Me is a finitely generated R-module. Furthermore, Me is a faithful R-module, for if it is killed by the non-zero ideal I of R, then IT is a right ideal of T and MIT = MeIT = 0, contradicting the fact that M is a faithful T-module. Finally, by Proposition 1.1, Me is a P-tame module where P # 0. But this is impossible by our assumption on P, so the result is proved. COROLLARY 1.3. Let T be a right noetherian ring and let eE T be idempotent. Zf both eTe and (1 -e) T(l -e) satisfy SLC-1, then so does T.
Proof: Notice that every prime ideal of T is in at least one of Spec,(T) or Spec(, -e,(T). The result then follows immediately from Theorem 1.2.
It would be natural to discuss the transfer of link closed sets from eTe and (1 -e) T( 1 -e) to T. In fact no such general theorem is possible since, as our next example shows, one can have links in T between prime ideals of Spec,( T) which contain 1 -e and prime ideals of Spec(, -,,( T) which contain e. Then Y and 2 are linked prime ideals of T such that e = (A z) is in .J? and 1 -e is in pp. The link is shown using the alternate definition of a link as given in [9, 5.31 , which is proven in [7, Theorem 1.31 to be equivalent to the one we use. The linking ideal from 5' to 9 is simply 29'.
DESCENT OF THE SECOND LAYER CONDITION
In this section we again assume that T is a right noetherian ring and that e E T is idempotent. We show that whenever the prime ideal .6Y of T belongs to a link closed set which has SLC-2, then the corresponding prime ideal P ( = eye) of R = eTe also has SLC-2 (Theorem 2. Similar to what we did in Section 1, we want to show that when the R-module A4 is P-tame, then Hom,(Te, M) is Y-tame. In the next two lemmas we work towards this result. To simplify notation we will denote the functor Hom,(Te, -) by ( )*.
Let P be a prime ideal of a right noetherian ring R. If P = 0, then it is well known that a right ideal I of R is P-dense if and only if I is essential if and only if I contains a regular element of R. More generally the right ideal I is P-dense if and only if for every r E R, r ~ 'I = {x E R 1 rx E I} contains an element which is regular mod P. LEMMA 2.1. Let 9 E Spec,( T) and let 2 be a right ideal of T which is p-dense. Then ye is P-dense in Te.
Proof
First we show that eye is a P-dense right ideal of R. For the moment assume that 9 = 0. Then it suffices to show that e2e is essential in R. Let A be a non-zero right ideal of R. Then 2 n AT # 0. Thus ey n A T # 0, since e is the identity on A. Now (ef n AT) e # 0, since T is prime. But
Thus e2e is essential in R. Now assume that 9 is any prime ideal in Spec,( T). Let r = ete E R. Then viewing r as an element of T, the right T-ideal r '3 is g-dense. Hence the image of r-I$ in T/9 is essential. So, by the previous paragraph, the image of e(r-'f) e in R/P is essential. Now if we view r as an element of R, then e(rp'y)esrp '(efe) (to see this let xEe(r-'d)e, then x = ele where rl E 2; so rx = rele = rle E e$e). Thus the image of r -'(eye) is essential in RJP for each r E R. Hence e$e is P-dense in R.
Finally we show that ye is P-dense in Te. Let s E Te. Then .V '2 is a g-dense right ideal of T. By the previous paragraph, e(s -'2) e is P-dense in R. Viewing Te and fe as R-modules, the right ideal of R s -'(ye) contains e(s-if) e (the proof is similar to the one of the inclusion in the previous paragraph). Therefore the annihilator of each element of Te/$e is a P-dense right ideal of R. This proves the result.
We need one fairly simple fact about torsion theories. If .a is an ideal of T which is not contained in 9, then .a is Y-dense. In particular, if 9 E Spec,( T), then TeT is p-dense. = f(P) = f (e) P = 0). Now the associated prime ideal 9 of L* (A? is unique since L* is uniform) must contain P. Thus 9 is contained in 9. But L* is Y-torsion free, so 9' = 3? and we are done.
We are now ready to show that the SLC-2 condition descends from prime ideals of T to the corresponding prime ideals of R. First we need a definition.
Given two prime ideals, Q and P of a ring R, we say that there is a long link from Q to P if there is a sequence Q = P, , P,, . . . . P, = P of prime ideals of R such that Pi is right linked to P, + 1, for each i = 1,2, . . . . n -1.
Recall that the first layer of a uniform module M is arm,(P), where P is the associated prime ideal of M. We will use this' terminology in the proof of the next theorem. THEOREM 2.3. Assume that T is a right noetherian ring and let e E T be idempotent. Let R = eTe and let P be a prime ideal of R such that the corresponding prime ideal 9 of T belongs to a right link closed set Y satisfying SLC-2. Then P satisfies SLC-2. Furthermore, tf P' is linked to P, them there is a long link from 2 to 9, where 9 is the prime ideal of T corresponding to P'.
First assume that we have a short exact sequence O-tL-tM-tN+O (7.) of uniform modules, such that M is P-tame and L = arm,(P). We then get the exact sequence of T-modules O-+L*-+M*+N*.
By Lemma 2.2, M* is a uniform p-tame module. Let f~ K, then we want to show that Im(f) c L, i.e., f( Te) P = 0. We have f (Te) P = f (Te) eye = f (Tege). Now, for each t E T, f (te9'e) = f. teY( Te) = 0, since f. t is in K and Ke c A. Therefore f (Tepe) = 0. This proves the claim. Now to prove the theorem we will assume its negation. So there exists a short exact sequence of R-modules like (t) where N is not tame; i.e., N is torsion over its associated prime ideal.
Since L*/A is killed by e, it follows that Ae = (L*) e. Now let D be a finitely generated submodule of M* such that the image of D in M*/L* is not killed by e (such a submodule exists, since (M*/L*) e z N and hence is not zero). Let A,=AnD and let B=DnL*. Then A,cBzD and (B/A,) e = 0. Thus (D/A,) e is isomorphic to (D/B) e which is a non-zero submodule of N by our choice of D. Also D/A,, is tame, since A, is the first layer of D g M*, M* is p-tame, and 9 has SLC-2. If one of the associated prime ideals of D/A, is in Spec,( T), then (D/A,) e is a non-zero submodule of N, and it follows from Lemma 2.2 that N is tame (since it is uniform), a contradiction. Therefore we can assume that every associated prime ideal of N contains e. Now let U be a submodule of D/A0 which is both essential and a direct sum of uniform submodules Uj, i = 1, 2, . . . . n. Let Li be the first layer of Ui and let AI c D be the preimage of C Li. Note that each prime ideal associated to a lJi is right linked to g', and hence has SLC-2 (because it is in Y). By Claim 1, A, E B and in particular D/A, is not zero. 2. This is a contradiction to our assumption on N, which proves the theorem. For the last statement of the theorem, let P' be a prime ideal of R which is right linked to P and let be a short exact sequence giving the link. Then, by Lemma 2.2, N* is a uniform s-tame T-module, where % is the prime ideal of T which corresponds to P'. From the exact sequence O+L*+M*+N*.
it is clear from the previous discussion that there is a sequence of links from B to p'; i.e., there is a long link from % to 9.
For future reference we note that if 9 E Y E Spec( T) contains e, then ege= R, so when we talk about the set X of prime ideals of R corresponding to Y we exclude R from X. COROLLARY 2.4. Let T, e, and R be as in the theorem. Let Y be a set of prime ideals of T which satisfies SLC-2 and is right link closed. If X is the corresponding set of prime ideals of R, then X is right link closed and satisfies SLC-2.
As we indicated in the introduction, a link closed set satisfying SLC-2 also satisfies SLC-1. So, if Y and X are as in the corollary, X must satisfy SLC-1.
In the next corollary we use the definition of a right classical set of prime ideals in a ring as defined in [9] . Furthermore, as is proved in [9, Theorem 7.1.5 and Proposition 7.2.41, a finite set X of prime ideals is right classical if and only if X is right link closed, satisfies SLC-2, and is a pair wise incomparable set. From here on we will use classical to mean right classical. COROLLARY 2.5. Let T and R be as in the theorem. If Y is a finite classical set of prime ideals of T, then the corresponding set X of prime ideals of R is also classical.
Proof: This follows immediately from Theorem 2.3 and Corollary 2.4. COROLLARY 2.6. Let T be a two-sided noetherian ring and let e and R be as usual. If TeT= T and if R satisfies the second layer condition (the two conditions are equivalent in this case), then S = ( 1 -e) T( 1 -e) satisfies the second layer condition.
Proof: Clearly S is two sided noetherian. Since Spec( T) = Spec,( T), it follows from Theorem 1.2 that T satisfies the second layer condition. Since Spec( T) is a link closed set, Theorem 2.3 implies that S satisfies the second layer condition.
Let T, R, and S be as above, then there is a map from a subset of Spec(R) to Spec(S) given by the composition of the canonical maps from Spec(R) to Spec(T) and from Spec(, _,,(T) to Spec(S). COROLLARY 2.7. Let T, R, and S be as in Corollary 2.6. Again assume that TeT= T. If X= {P,, . . . . P,} ts a classical set of prime ideals of R, then the corresponding set Z = { Q, , . . . . Qr> of prime ideals of S is also classical (note: r may be less than n, since, for some i, the prime ideal fl of T corresponding to Pi may contain 1 -e).
Proof: Let 3 be the prime ideal of T corresponding to Pi. First we show that the set Y= (q} is a right link closed set. Let 5! be right linked to some 9 E Y (note: 9 is in Spec,( T), since TeT= T), then there exists a short exact sequence of uniform T-modules, such that M is g-tame, A = arm,(p), and N is s-tame. We then get the exact sequence of R-modules O-,Ae-+Me+Ne+O, where Me is P-tame and Ne is Q-tame. Let L be the annihilator of P in Me. Then it follows from our standard techniques that L c Ae. Thus L* G (Ae)* which, since TeT= T, is naturally isomorphic to A. However, by Claim 1 in Theorem 2.3, A E L*. Thus A = L* and hence Ae = L. There-fore Q is linked to P, which means that Q has to be in X. Hence 9 E Y and so Y is link closed. Also observe that Y satisfies the second layer condition by Theorem 1.2. Since the prime ideals in X are incomparable, so are the prime ideals of Y, thus Y is a classical set. The result now follows from Corollary 2.5.
APPLICATION TO FIXED RINGS
In this section we apply the results of the previous sections to an example of a Morita context which arises in the Galois theory of non-commutative rings. We will assume throughout this section that R is right noetherian and G is a finite group of automorphisms acting on R whose order is a unit of R. With these hypotheses we show that certain properties of prime ideals of R can transfer to the prime ideals of the fixed subring RG= (x~R(,x~=x for all gEG}.
One easy consequence of our earlier results is that whenever R is a twosided noetherian ring which satisfies the second layer condition and the order of G is unit of R, then RG satisfies the second layer condition (Theorem 3.1). In our main result (Theorem 3.3) we prove in addition that if N is a G-invariant classical semiprime ideal of R, then Nn RG is a classical semiprime ideal of R". An important tool in the study of fixed rings is the skew group ring R*G, which is the set of all formal sums C,, G r,g, Ye E R. Addition is componentwise and multiplication is defined distributively by the formula rg.sh=rs"~'gh for r,sER andg,hEG.
For the rest of the paper we assume that the order of G is a unit of R and we let e denote ICI-i CgeG g E R*G. Then eR*Ge g RGec RG [13, Lemma 2.11. Also note that if R is noetherian then it is well known that RG is noetherian (see, for example, [ 13, Theorem 7.61) .
Using the results of the previous sections, we obtain the following easy corollary. THEOREM 3.1. Zf R is a two-sided noetherian ring satisfying the second layer condition, then RG is also a two-sided noetherian ring satisfying the second layer condition.
Proof. Clearly R*G is noetherian, since G is finite. Furthermore, by [3, Proposition 7 .51, R*G satisfies the second layer condition. The result is now immediate from Corollary 2.4 using the e defined above.
Qc,(R)* G is th e c assical 1 ring of quotients of R*G. This proves the claim which in turn shows that (FIR)* G is the ring of quotients of R*G with respect to %(N*G).
The last item left to prove is that the Jacobson radical of (S-'R)* G is classical. To simplify notation we can replace S ~ 'R with R. Let A4 be an R*G-module which is a finitely generated essential extension of a simple R*G-module N. Then N is a module over R*G/J(R*G) = (R/J(R))* G. Since N is clearly a finitely generated module over R/J(R), it is a finite direct sum of simple R-modules (as R/J(R) is semisimple). By [ 15, 1.23, M-is an R essential extension of N. Since A4 is finitely generated as an R-module and since J(R) is classical, A4 is artinian as an R-module. So A4 is artinian as an R*G-module.
Next we use the correspondence between certain prime ideals of R*G and RG as given by the isomorphism between eR*Ge and RG to prove the following result. One obvious G-invariant semiprime ideal is the Jacobson radical of R. We obtain the following corollary from Theorem 3.3. It is worth noting that Theorem 3.3 is true even if we only assume that R/N has no IGI-torsion; i.e., IGI E%'(N). For if we assume only that condition, we can first localize R at the set S= {ICI": 12 = 1, 2, . ..} (clearly S c RG) and then apply Theorem 3.3 to S ~ 'R and conclude that (S plN)G = (S-IN) n (S p'R)G is classical. Since SE +?(NG), it follows that the ring of quotients of (S ~ lR)G at V(S ~ 'NG) is also the ring of quotients of RG at %(NG). Theorem 3.3 tells us that G-invariant, classical semiprime ideals of R give rise to classical semiprime ideals of RG. Our next result shows how to construct G-invariant classical semiprime ideals of R.
A set X of prime ideals in the ring R is called a (right) minimal classical set if X is a classical set, but no proper subset of X is classical. We denote the Krull dimension of a module M, by K.dim. (M). It was shown in [ 16, Theorem 2.41 that a minimal classical set X is Krull homogeneous; i.e., K . dim. (R/P) = K. dim. (R/Q) for all P, Q E X. LEMMA 3.5. Let R and G be as usual. Let X be a finite minimal classical set of prime ideals of R. Then the G-invariant set Y = ( PR I P E X, g E G> is also a classical set of prime ideals of R.
Proof
Let X= {P,, . . . . P,}. Then for a fixed g in G the set { Pg 1 P E X} is also a classical set. Thus this set is right link closed and satisfies SLC-2. Hence Y, which is the union of these sets, satisfies SLC-2 and is right link closed. So, again by [9, 7.1.5 and 7.2.41, it suffices to show that the elements of Y are pairwise incomparable. However, as noted before, X is Krull homogeneous. Therefore Y is Krull homogeneous which implies the incomparability condition. COROLLARY 3.6. Let R be a two-sided noetherian ring. If every prime ideal of R belongs to a finite minimal classical set, then every prime ideal of RG belongs to a finite classical set.
Let P be a prime ideal of RG and let ?? be the prime ideal of R*G such that epe corresponds to P under the isomorphism between eR*Ge and RG. Then g n R is a G-prime ideal of R and B n R = fi Qg for some fixed prime ideal Q (see the Remark preceding Proposition 3.2). Clearly the rings R/Q" all have the same Krull dimension, say CI. Now each Qg belongs to a finite minimal classical set X,, so K.dim. (R/Q') = a for all Q' E X,. If Y, is the smallest G-invariant set of prime ideals containing X,, then by Theorem 3.3, Y, is classical. If Y= u Y,, then clearly K.dim. (R/Q') = TV for all Q' E Y and hence the prime ideals in Y are pairwise incomparable. Furthermore Y satisfies the second layer condition and is link closed, since it is the union of such sets. Therefore Y is a classical, G-invariant set of prime ideals of R [9, Theorem 7.1.53. Let N= fi Y, then Nn RG is a classical semiprime ideal of RG by Theorem 3.3. Now P is minimal over Nn RG and hence P belongs to a finite classical set.
